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 Introduction
It is dicult in the theory of dynamical systems to draw a boundary line between con
servation laws and symmetries because often their eects on the dynamics can be almost
the same An important example can be the case of motions in Hamiltonian and reversible
systems For instance it is wellknown that the KolmogorovArnoldMoser theory applies
in both type of systems see 	 
 	
 		 In the theory of Hamiltonian systems we also
have the Nekhoroshev theorem  that leads to the concept of eective stability
In this paper we present a procedure to put in normal form a nearlyintegrable re
versible system not necessarily a Hamiltonian system Furthermore nonresonant stabil
ity estimates are obtained As an application we discuss the case of n harmonic oscillators
with frequencies satisfying Diophantine conditions We will consider only linear reversibil
ity because it appears often in Hydrodynamics Thermodynamics Fluid Mechanics and
Electromagnetism
Given a linear involution R of R
n
 we will say that a dynamical system is Rreversible
or simply reversible if it is invariant under the transformationX  RX  t  t where
X  R
n
 In other words we can say that an autonomous system

X  FX is reversible
if it veries F  tuF  where the functional operator tu is dened as tuF  R  F R
Note that an important dierence between reversible systems and Hamiltonian systems is
that we have no energy conservation in the rst ones
 Normal Forms via the Lie series method





F preserving the reversible character Let us consider autonomous systems of
the form

X  SX with X  R
n
 and satisfying the condition S  tuS Then the
mapping dened as the ow at time t of this kind of systems 
S
t
 is a transformation that
keeps the reversible character invariant We will call them reversible transformations and





 We construct the successive transformations with the help
of the Lie series method for vector elds as in  A wellknown obstruction to the pass
to normal form is found on the resonances or near them Given a module M  Z
n
we
have the resonant manifold associated to it S
M
 fI  G  k  I   k  Mg We
say that a function gI  is in normal form with respect to M of degree K if its Fourier




























 Then we express it by writing
f  RM KWe say that a vector eld FI   RM K if each one of its components
belongs to RM K
Now we describe briey the iterative process that leads our reversible vector eld
FI  to normal form First of all we restrict our F to a subset G  G where we
can assume the frequency set G is nonresonant modulo M up to order K We start
with FI   I  ZI   RI  where I   I and Z  RM K


















































 Now following the Lie series
method for vector elds we can consider  as the ow at unit time of an autonomous
system

X  SX verifying S  tuS that we know is a reversible transformation This
leads to 





Z  RS where we have dened
r
m










G  G T   DT G  DGT being the Lie bracket
Thus we seek for Z  RM K and S solving the equation














 The solution of this equation in terms of Fourier






















 Norms for functions and vector elds
In order to obtain estimates for the successive remainders we need to dene norms for the
vector elds and functions used during the iterative process




   T
n
 Then given U  u 	  R
n
where


























 where    U  being


















 j  	 













 j  	 
     ng
where j  j denotes the Euclidean norm For g  C
n










































































































Remark  From now on we will write k  k

and jjj  jjj

to express k  k





Then one has the following estimates









and 	 such that
  	   	  	U  	u 	 u  	 Assume that jjjFjjj

 	 Then







 is an analytic dieomor
















n Also if G is a vector







G is analytic on D

and it can be represented by
its Lie series













































 The iterative process
In this section we obtain estimates for one step of the procedure presented in section 

Given a module M an integer K and 




nonresonant modulo M if





 K v  L





G where I   I and Z  RM K Assume that G is 
Knonresonant




















 Then the vector elds Z and S which
solve the equation 	 are both real analytic on D































Theorem  Iterative Lemma Let FI   I  ZI   RI  real analytic
reversible on D

 where I   I and Z  RM K Assume that G is 
K
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 ESTIMATES FOR THE NORMAL FORM
Theorem  Normal Form Theorem Let FI   I  ZI   RI  real
analytic reversible on D

 where I   I and Z  RM K Assume that G
is 





































































































   	
Remark  This result is essentially equivalent to the analogous one in  for the Hamil
tonian case
 NONRESONANT STABILITY ESTIMATES
We will apply these results to the case of a perturbation of n harmonic oscillators with
frequencies satisfying Diophantine conditions First we present the estimates in the non
resonant general case





































































Theorem  Let FI   I 






I   I Assume that the frequency vector  is  Diophantine for some   n	

























































The authors are indebted to M Matveyev for pointing out an important mistake in the
rst version and for very stimulating discussions This work has been partially supported
by the EC grant ERBCHRXCT Research by A Delshams is also supported by
the Spanish grant DGICYT PB
	 and the Catalan grant CIRIT 	SGR 	
References
 VI Arnold Nonlinear and Turbulent Processes in Physics pages  Volume 	  RZ
Sagdeev Harwood New York edition 

 VI Arnold and MB Sevryuk Oscillations and bifurcations in reversible systems chapter 
pages 	 Nonlinear Phenomena in Plasma Physics and Hydrodynamics RZ SagdeevMir 

	 A Delshams and P Gutierrez Eective stability and KAM theory January 

 Preprint To
appear in J Dierential Equations




 G Gallavotti Ergodicity ensembles irreversibility in boltzmann and beyond 

 Preprint
Archived in mp arcmathutexasedu 

 G Gallavotti and EGD Cohen Dynamical ensembles in stationary states 

 Preprint Archived
in mp arcmathutexasedu 
	
 N N Nekhorosev An exponential estimate of the time of stability of nearlyintegrable Hamiltonian
systems Russian Math Surveys 	 





 JAG Roberts and GRW Quispel Chaos and timereversal symmetry Order and Chaos in re
versible systems Physics Reports 		 


 MB Sevryuk Lowerdimensional tori in reversible systems Chaos  


 MB Sevryuk On invariant tori of reversible systems in the neighbourhood of an equilibrium position
Russian Math Surveys  

 MB Sevryuk Reversible systems Volume  of Lecture Notes in Mathematics Springer Berlin


